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Solutions

la) The centre Z(G) consists of the even powers of a, they commute with p and hence with
all group elements, therefore they are alone in their conjugation classes. Subgroups:

Hy = {6} ’ Hy = {6,@4} = {e7j} ’ Hjs = {e,az,a4,a6} = {67 ba]J} = Z(G) ’
Hy ={e,a,d®,...,a"} = {e,a,b,...,m},
Hs = {eap} ’ Hg = {6,&4])} = {B,t} >

H7 ={e,p,a*, a’p} = {e,p,j,t} = Ho® Hs = Hy ® Hg ,
Hg = {e,a2p, a4,a6p} = {e,r, 7‘2,7“3} ={e,r j,v},
H9 = {eapa a2aa2pa a4aa4pa a6,a6p} = {eyp, b,?“,j,t,l,v} = H3 ® H5 = H3 ® H6 )

HlO = {6,&]), a6aa’7pa a4’a5p’ (Z2,(Z3p} = {eaQa q2, cee aq7} = {eaQal’waj’u’ b,S} )
Hy1 = G .

1b) All subgroups except Hs and Hg are normal, they are unions of conjugation classes:

Hy,=C,uUC(Cs, Hs =HyUCy,UCy , Hy=HsUC;UCy,
H7; = HyUCr, Hg = Hy UCy,
Hy=H3UC;UC(Cy, Hip=Hz3UCsUCqg .

1c) Every representation of a finite group is equivalent to a unitary matrix representation.
When the group element g is represented by a unitary matrix D(g) the character of g~!
is

x(g7)=TrD(g ") =TrD(g)"' = TrD(g)’ = (TrD(g9))* = (x(9))" -

1d) The dimension d of an irreducible representation is a factor of the group order 16, hence
d = 1,2,4,.... We must have d®> < 16, since the sum of squares of the dimensions
of all irreducible representations is 16, and there is always the trivial one dimensional
representation. Hence d = 1 or 2.

le) There are 10 conjugation classes and 10 irreducible representations. The dimensions are
8 times 1 and 2 times 2, since that makes a square sum of 16.

Let x be a one dimensional character. Since the group elements a and p generate the
whole group G, the character values x(a) and x(p) determine all other values, so that

x(a™p") = (x(a))™ (x(»)" -

8 = p? = e we must have (in the one dimensional representation) that

Since a



and hence (x(a))* = 1. The eight one dimensional representations therefore have x(a) =
+1,+i and x(p) = £1 in all combinations.

It seems a reaonable guess that the two two dimensional irreducible representations are
complex conjugates of each other. Then we can find the two characters by means of the
orthogonality relations. Yet another trick is the observation that a?, a?, a® commute with

all of G, hence in an irreducible representation they must be multiples of the identity,

by Schur’s lemma. Since (a?)* = e, the matrix representing a? must be A\I with \* = 1.
i Cy (O3 Oy Cs Cs Cr Cs Cy Cho

{e} {a®} {a'} {a°} {a,0’} {d®,a"} {p,a’p} {ap,a®p} {a’p,a®p} {a’p,a’p}
X1 1 1 1 1 1 1 1 1 1 1
X2 1 1 1 1 1 1 -1 -1 -1 -1
X3 1 1 1 1 -1 -1 1 -1 1 -1
X4 1 1 1 1 -1 -1 -1 1 -1 1
X5 1 -1 1 -1 i —i 1 i -1 —i
X6 1 -1 1 -1 i —i -1 —i 1 i
X7 1 -1 1 -1 —i i 1 —i -1 i
X8 1 -1 1 -1 —i i -1 i 1 —i
X9 2 21 -2 =2i 0 0 0 0 0 0
X10 2 =2 =2 2i 0 0 0 0 0 0

2a)

For any character y, irreducible or reducible, the set {g|x(g) = x(e)} is a normal
subgroup. Thus, o identifies the normal subgroup Hy, x3 identifies Hg, x4 identifies
Hyg, x5 identifies Hr, xg identifies Hg, x7 identifies H7, and g identifies Hg. There is
no irreducible representation identifying Hy or H3, but the reducible character x3 + x4
identifies Hs, and x5 + x¢ identifies Hs.

Take

AL iw with w=-%45.
dr T

The definition of the Hermitean conjugate operator A' is that for any two wave functions
u,v we have that

/OO dr (u(r))* (Av(r)) = /OO dr (ATu(r))*v(r) .
0

0

By partial integration, using the boundary conditions on the wave functions u and v,
we get that

. d T 3 Tar ()
[ S = ey v(o) 0y o) - [T o= [Tar (5) 0.

This shows that
AN d
dr) — dr’




2b)

Since W = W (r) is a real function of r, we have that Wt =W, and

d
At = —— 4w .
d7“+

For any wave function u = u(r) we have that

d d d du
1 S —_ S =
ATAu < dr+W><dr+W>u ( dT+W><dr+Wu>

_ d2u+<—M+W2>u: d2u+<a(a—1)_2aﬂ+52>u.

2

Ta? Ta?

Which shows that

dr T r

d?>  ala—1) 2ap
ATA = —— — 2,
dr2 + r2 r +5
To make this resemble the Hamiltonian
2 2 1 2
oo h < d N l+1) > 7

 2m dr? r2 aor

we should choose « as a solution of the equation

ala—1)=L(l+1), (a+0)(a—0-1)=0,

that is, either « = —¢ or & = £ + 1. We choose a = ¢ 4+ 1. Why? One good reason is

that we want to have o # 0 when ¢ = 0. With this choice for a we must choose

1 1

aag (04 1)ag

In summary, we choose

1 1
= e 1 = = 2 = "
Then we have that (41 1
W, - _
() r + (L+1)ag ’

and the one dimensional /-dependent Hamiltonian may be written as

Hy = % (AzAz — ’Yzz) :

Now go back to eq. (1), and compute in the same way

(o) (o) (o) (o)

AATy

dr? dr? r2 r

_ d2u+<M+W2>u: d2u+<a(a+1)_2aﬂ+52>u.

Since we chose o = ¢ + 1, we get that a(a+ 1) = (¢ + 1)(£ + 2), and

h? ;
Hop = o <A£Ag - ’Yz) :



2¢)

2d)

The equation Apu = 0 is this:

1du (41 1
St ~0.
w dr r +(€—|—1)a0

It is easily integrated to give that

Inu={+1)Inr — +InC,

r
(€ + 1)@0
where C' is an integration constant. That is,

u(r) = uéo)(r) = O pttler/((t+1)ao)

This is the ground state of Hy because it is an eigenstate of the operator A;Ag with
eigenvalue 0, and an operator of the form AfA is positive semidefinite: it has only
non-negative eigenvalues. Proof: if AT A|y)) = A[sp) and (1)) = 1, then

A= (QIATA[Y) = (¢lg) 20 with  |g) = Al¢) .
The energy in this state is

h? 1 12
2m (4 1)? 2mag

The equation Azu = 0 is this:

ldu el 1
u dr r (+1Dag

It has the solution

1
— r/((€+1)ao)
u(r)—CMHe o),

This is not an acceptable wave function, because it is infinite in both limits » — 0 and
r — 00. Therefore it is not the ground state of Hy ;.
If Hu = Fu and v = Aypu, then

h? h?
Hngl?} = —% (AgA} — ")/g) Agu = Ag (—% (AzAg — "yg)) u = Agng = AgEu =Fv.

If w is the ground state of Hy, then Ayu = 0, and there is no eigenstate of Hy1q with
energy F.

In the same way, if Hyi1v = Fv and w = A}v, then

R i s
Hew = —— (AKAZ . w) Al = Al (-2

m

(AgAz - w)) v = A;Hg+1f0 = AZEU =Fw.



2e) We have found energy eigenvalues

1 R
Ey=—-—-—"> with n=12....
ns 2mag
And we have found one eigenstate of H, with energy F,, forevery { =n—1,n—2,...,1,0.

For a given value of £ and a given eigenstate of Hy there are 2¢ + 1 states of the three
dimensional hydrogen atom with L, quantized to mh and m = —¢,—¢+1,... £. Thus
the total degeneracy of the energy level F,, is

—

n—

dy = (20+1)=1+43+5+---+(2n—1) =n>,

3a) The non-zero commutators are:

A, ] = Az, Ao As]= A, A Al = A,
A, ko] = K3,  [Ao,ks]= kK1, [Agki]= K2,
(K1, Xo] = K3, ko, As]= K1, [k, A= Ko,
[K,l,lig] = —)\3 s [K)Q,K)g] = —)\1 s [K)g,lﬁ)l] = —)\2
3b) Since A{ = —A; we have that
1 2, 1 3
exp(aAy) = I+ aX; + o (aX1)” + 3 (A1) + -+
_ L s, 1 5 Lo 14 2
=1+ <a—§a —i—ga —--->/\1+ <Ea ke +o ) A
= I+sinaX; + (1 —cosa) A}
1 0 0
= [0 cosa —sina
0 sina cosa
And since
el L e=1(iX) =X 4 oX
cos(iy) = = =coshy ,
2 2
i(ix) _ g—i(ix) —X _ X
vz € € € € ..
sin(iy) = 5 =—5— = isinhy ,
we have that
1 0 0 1 0 0
exp(xk1) = exp(ixA1) = [0 cos(iy) —sin(ix) | = [0 coshx —isinhy
0 sin(ix) cos(ix) 0 isinhx coshy

The physical interpretation is that exp(aAp) is a rotation by an angle a about the 1
axis (the z axis), whereas exp(xk1) is a Lorentz boost along the 1 (or z) axis.

Let us elaborate on the last point. The Lorentz boost transforms the coordinates

ot = (20,2, 22, 23) to 2* = Ahz¥, where

0= - pzt), ZFl=n(! —p2), T2=27, F3=23.



3c)

3d)

The velocity between the two reference systems is ¢, and v = 1/4/1 — 2.

The electromagnetic field tensor

0O -E, —-E, —FE,
E, 0 —cB, c¢By
E, cB, 0 —cB,
E, —cB, cB, c0

cFH =

transforms as follows,

M= A, N FP7
This gives that

T

E, = c¢F'° = AlpAOU cFP7 = Ay AY PO 4 AYAG cFY = ~%(1 - B%)E, =
Ey = cF? = A A% cF7 = A% (A cF? + AY cF?) = v (B, — BcB.)
E, = cF* = A3 A% cFP7 = A% (A cF* + A% cF3') = 4 (B, + BcB,)
By = cF3? = A?’pAZUcFPU = AL A% cF3? = cF¥ = ¢B, ,

céy = cF' = Alp A3 cFP7 = A% (A cF + Ay cF®) = vy (B, + BE.) ,
¢B, = cF* = Azp AL cFP? = A% (AY cF?' + Ay cF?) = v (¢B, — BE,) .

We may write the same transformation more compactly in matrix form:

cB, +iE, 1 0 0 cB, +iE,
B, +iE, | = |0 ~ —ivB cBy +1iE,
¢B, +iE, 0 8 v cB, +iE,

The transformation matrix is exp(x&1) with cosh y =, sinh y = v4.
The parameter y is called rapidity.

The complex scalar product Z- Z =z z is invariant because
cT = exp(LU — exp(-L) = C~ |
and
(Cz)' (Cz)=2"C'Cz=2z"z.
With G = ¢B + iE the complex Lorentz invariant is

G-G=cB>-FE*>+2iB-E.

The real part >B2—E? and the imaginary part B-E are both invariant under continuous

Lorentz transformations.

The Lorentz force F= q(E +Ux B) on a point charge ¢ moving with velocity ¥ changes
sign, F F under a parity inversion. Since ¢ — —4 under parity, this means that
E +s —E and B — B. Hence ¢?B2? — E2 is parity invariant, but B - E is not parity

invariant.

The two invariants are (up to factors) F*F), and erAHY F\F,,, where €MV is the

totally antisymmetric Levi-Civita symbol.



