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Problem 1
Consider the system of differential equations

ẋ = x2 − y − 1 , (1)
ẏ = (x− 2)y . (2)

(3)

a) Find the fixed points of the system.

b) Determine the Jacobian matrix for the system.

c) Determine the type and stability of the fixed points.

d) Draw the nullclines of the system.

e) Sketch its phase portrait.
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Problem 2
Consider the one-dimensional differential equation

ẋ = r2x− 2x2 + x3 , (4)

where r ∈ (−∞,∞).
a) Find the fixed points.

b) Identify a bifurcation point and find the critical value of r, rc.

c) What kind of bifurcation takes place for r = rc?

d) Determine the stability of all the fixed points.

e) Sketch the bifurcation diagram, i.e., fixed points x∗ as function of r. Distinguish between
the stable and unstable fixed points.

Problem 3
Consider the logistic map

xn+1 = rxn(1− xn) . (5)

a) Show that by the transformation xn = ax̃n +b, the logistic equation can be transformed
into

x̃n = R− x̃2
n . (6)

Determine a, b and R as functions of r for this transformation.

b) Consider now the map xn+1 = fR(xn) = R−x2
n. We assume that R has been chosen so

that the system is in a two cycle with x0 being one of the values it oscillates between.
Write a fourth order equation in x0 for the period two cycle of the map.

c) Write the derivative of the second iterate f2
R
′(x0).

d) What is the condition for the period two cycle to undergo a period doubling bifurcation?


